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A reexamination of the Clausius-Mossotti relation in which material with both electric and mag-
netic responses yields surprising results. Materials with indices near zero and with real parts less
than zero, that is the real part of both the permeability and permittivity are negative, are found to
emerge from the interaction of electric and magnetic responses in a self-consistent theory. The new
results point the way to artificial and natural materials with exotic responses. A simulation with
∼ 1010 particles shows good agreement with the analytical results.
Effective medium theory (EMT) bridges the macro-
scopic electromagnetic response (effective permittivity,
ε, and permeability, µ) of a composite electromagnetic
medium with the microscopic response (electric, αe, and
magnetic, αm, polarizabilities) of its constituents [1–4].
The basic concept of the EMT is to characterize the re-
sponse of a medium (for example, a suspension of plas-
monic nanoparticles [5], or aerosol particles [6]) to light
by the effective parameters. EMT is important in design-
ing, synthesizing, and mixing of various media, such as
metamaterials [7–13], periodic composites [14], magne-
toelectric multiferroics [15, 16], nanoparticles [17], meta-
surfaces [18], and mesocrystals [19].
The relation between microscopic electric response and
macroscopic electric response was developed by Clausius,
Mossotti [20, 21], Lorenz, and Lorentz [22, 23], with a
magnetic analogue proposed earlier by Poisson [24]. The
respective electric-electric and magnetic-magnetic rela-
tions are given by:
4piραe
3
=
ε− 1
ε+ 2
,
4piραm
3
=
µ− 1
µ+ 2
, (1)
where ρ is the concentration of the constituents. These
expressions are known as Lorenz-Lorentz and Clausius-
Mossotti relation (CMR) and are specific examples of
EMTs. While EMT has been put in a more general
setting in the last 100 years, none has self-consistently
addressed the interaction between the total electromag-
netic field and the material that exhibits both electric
and magnetic responses simultaneously. The CMR and
related EMTs [25–31] have not considered the electric
field generated by the magnetic dipole moment induced
on the particle and magnetic field by electric dipole mo-
ment. Including this interaction, we find that
4piραe
3
=
ε− 1
εµ+ 2
,
4piραm
3
=
µ− 1
εµ+ 2
. (2)
Eqs (2) relate the microscopic properties of the par-
ticles with the macroscopic properties of the effective
medium. We discuss the derivation and consequences
of this result below.
FIG. 1. A medium composed of particles characterized by
electric, de, and magnetic, dm, dipole moments.
Consider a composite medium consisting of particles
with electric, αe, and magnetic, αm, polarizabilities. The
electric and magnetic dipole moments induced on the
particles are taken to be independently linear in the total
electric E˜ and magnetic H˜ fields on them: de = αeE˜ and
dm = αmH˜ as illustrated in Fig. 1. The goal is to replace
the particles with a continuous medium characterized by
an electric response (permittivity) ε and a magnetic re-
sponse (permeability) µ. The scattered fields outside the
volume of the medium are required to be the same for
both approaches. In other words, the field scattered by
the total N particles in a volume V = N/ρ is equivalent
to that by the medium in the same volume [3, 4]. The
equivalence of the scattered fields impose a requirement
on electric and magnetic polarization distributions P and
M to be the same on the microscopic and macroscopic
scales:
[
ε−1
4pi E
µ−1
4pi H
]
=
[
P
M
]
= ρ
[
αeE˜
αmH˜
]
. (3)
Here E and H are the macroscopic fields in a medium.
The microscopic fields E˜ and H˜ are different from E and
H in a sense that the former are generated by the incident
field and the rest of the particles, excluding the particle
itself [25–31]:
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2[
E(r)
H(r)
]
=
[
Einc(r)
Hinc(r)
]
+
∫
G(r, r′) ·
[
P(r′)
M(r′)
]
d3r′, (4)[
E˜(r)
H˜(r)
]
=
[
Einc(r)
Hinc(r)
]
+−
∫
G(r, r′) ·
[
P(r′)
M(r′)
]
d3r′, (5)
where
G(r, r′) =
[ ↔
G(r, r′) − 1iωε0
↔
G(r, r′) · ∇′×
1
iωµ0
↔
G(r, r′) · ∇′×
↔
G(r, r′)
]
.
(6)
The integral −
∫
...d3r′ excludes an infinitesimal spherical
“principal volume” where
↔
G is singular at r′ = r [32].
The dyadic Green’s function is denoted by
↔
G. The non-
diagonal elements in G(r, r′) denote the electric response
from magnetic polarization and magnetic response from
electric polarization [32–34]. Notice that conventional
EMTs imply zero non-diagonal terms in Eq. (6), which
leads to the separate solutions for the electric and mag-
netic fields in Eq. (4) and Eq. (5). In our case, these
fields are mutually dependent.
Following the conventional derivation of the CMR, we
subtract Eq. (5) from Eq. (4):
[
E(r)
H(r)
]
−
[
E˜(r)
H˜(r)
]
= lim
r′→r
∫
G(r, r′) ·
[
P(r′)
M(r′)
]
d3r′
= −εµ− 1
3
[
E(r)
H(r)
]
,
(7)
where we have used Eq. (3), Eq. (6), and source-free
Maxwell equations: ∇×E = iωµµ0H, ∇×H = −iωεε0E.
The dyadic Green’s function in free-space
↔
G(r, r′) is de-
composed into a singular part −(4pi/3)δ(r − r′) and
a regular part [35]. The latter can be ignored be-
cause the integration is performed within a small vol-
ume. Notice the non-zero cross self-interaction term
limr′→r
∫ − 1iωε0 ↔G(r, r′) · ∇′ ×M(r′)d3r′.
The relation between fields on microscopic and macro-
scopic scales is obtained by rearranging Eq. (7):
[
E˜
H˜
]
=
εµ+ 2
3
[
E
H
]
. (8)
This equation, together with Eq. (3), result in the rela-
tion between the microscopic electromagnetic response
and macroscopic response in a self-consistent Eq. (2).
The obtained result is different from the CMR and sub-
sequent generalizations [24–31]. It can be observed from
the second equation in Eq. (2) that zero magnetic polariz-
ability αm implies µ = 1, so the first equation in Eq. (2)
yields the conventional CMR, i.e., the first equation in
Eq. (1). Similarly, αe = 0 implies ε = 1, so the second
equation in Eq. (2) becomes the Poisson relation, i.e. the
second equation in Eq. (1). Thus, our Eqs (2) are consis-
tent with conventional EMTs, and, most importantly, fill
the gap between EMTs for purely electric and for purely
magnetic materials.
Solving Eqs (2), we find ε and µ in terms of the micro-
scopic properties:
ε =
1− βe + βm + γ
2βm
, (9)
µ =
1 + βe − βm + γ
2βe
, (10)
where
γ ≡ ±
√
β2e + β
2
m − 10βeβm − 2βe − 2βm + 1, (11)
and βe,m ≡ (4pi/3)ραe,m. The branch choice in Eq. (11)
raises the tantalizing possibility that the macroscopic ma-
terial may support two sets of macroscopic material pa-
rameters ε, µ, n simultaneously. This emerges not as
an effect of anisotropy but rather the propagation of two
distinct, generally inhomogeneous, waves with different
complex-valued wavenumbers at the same frequency.
The typical variations of ε, µ and n on both βe and βm
are shown in Fig. 2 and Fig. 3, for “+” and “–” solution
respectively. Notice that x-axis (i.e., αm = 0) and y-axis
(i.e., αe = 0) on these plots represent Clausius-Mossotti’s
and Poission’s theories, respectively. The refractive in-
dices n are calculated as n = ±√εµ. The strategy of
choosing the sign of n is provided in [36]. Remarkably,
the argument under the square root in Eq. (11) can be
negative even when all the βe and βm are real and pos-
itive and so macroscopic characteristics ε, µ and n can
be complex-valued. Even though the particles are loss-
less, light propagating through a collection of particles is
scattered out of the direction of the propagation, which
results in an apparent loss of energy [37].
The existence of two states in one medium is verified
by simulations with our recently developed numerical
technique, the clustering diffused-particle method [42].
We simulate the scattering of a plane wave from a
large collection of particles and then extract the effec-
tive planewave-like behavior in order to find the effective
macroscopic parameters of the medium. Here, we made
use of 4 × 1010 particles randomly distributed in a cube
with a side length of 4.2 wavelengths. Both solutions of
Eq. (9) and Eq. (10) agree well with numerical simula-
tions, as shown in Fig. 4. As it might be expected, for
the weak electric response, i.e., for small βe, one of the
branches coincides with the conventional CMR. This is
clearly observed in Fig. 4 for the “–” solution for βe . 0.3.
The “+” branch, however, yields divergent values for |ε|,
|µ| and |n| as βe → 0. This may explain why this sec-
ond electromagnetic state of the medium has not been
reported. It should be observable when both βe and βm
3FIG. 2. Permittivity, permeability and refractive index for
“+” branch of γ, Eq. (11): (a) Re(ε+), (b) Re(µ+), (c)
Re(n+), (d) Im(ε+), (e) Im(µ+), (f) Im(n+). The x-axis in
(a) denotes Clausius-Mossotti relation [20, 21], the y-axis in
(c) denotes Poisson’s theory [24] For a specific material, βe
and βm can be varied by changing the concentration ρ. Un-
der standard conditions (i.e., room temperature and 1 atm
pressure) most of chemical elements and compounds [38] are
characterized by 0 < |βe| < 3. Magnetic counterpart βm is
typically much smaller than 1 [39–41].
are appreciable. For βe & 0.3, and βm = 0.1βe, we find
not only a discrepancy between the conventional CMR
and “–” branch emerges, but the “+” branch yields finite
values of {ε, µ, n}. It is worth noting, the “–” and “+”
branches provide the same values for Re(ε) and Re(µ) at
Re(βe)→ 1.
Near-zero-index materials [43] can also be designed
using Eq. (9), which is, in general, not possible with
conventional CMR. Fig. 5 shows the phase of the elec-
tric component of the electromagnetic field propagat-
ing through such a medium engineered by optimizing
the values of βe and βm to yield Re(n) = 0.179 when
βe = 0.0323 + 1.8497i and βm = 0.3 + 0.96i. Exotic near-
zero-index materials might be generated by doping with
atoms, molecules, or metamaterials [44].
We have shown that if the constituents are both
magnetic and electric, within a generalized CMR, the
resultant index of refraction can become anomalously
large, go to zero or become negative. Thus, Eqs (9)-
(11) provide the means for the design of materials
with exotic properties. These results have implications
for other generalizations of mixing rules and other ho-
mogenizations [1] including but not limiting to non-
linear effects [45–47], permanent dipole moment [25],
temperature-dependence [48], and constituents with par-
ticular shape and volume [28, 29].
We thank Prof. Vadim A. Markel from the University
FIG. 3. Same as in Fig. 2, but for the “–” branch of γ,
Eq. (11).
FIG. 4. The theoretical and simulated macroscopic ε, µ, and n
varying with microscopic βe and βm. The ratios are assigned
as Im(βe)/Re(βe) = Im(βm)/Re(βm) = βm/βe = 0.1. The
conventional CMR results are plotted in green dotted-dash
line as a comparison.
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4FIG. 5. The phase of the electric component of the elec-
tromagnetic field propagating in a near-zero-index medium
with microscopic properties βe = 0.0323 + 1.8497i and βm =
0.3+0.96i. According to Eq. (9) and Eq. (10), the effective re-
fractive index is n = 0.179+1.889i. The field is simulated [42]
in a cube with side length 12λ0 and sampled in a depth of 3λ0.
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